Résumé. 2014 Nous considérons les effets d'une frustration partielle, c'est-à-dire lorsque la frustration n'existe que dans un nombre restreint de directions de l'espace. Ces Abstract. 2014 We consider the effects of partial frustration, i.e. frustration in a restricted number of dimensions ; they are investigated in a typical model, the stacked triangular antiferromagnetic Ising model. For this purpose we studied its quantum equivalent, the 2D-triangular model with a transverse field, through finite size analysis. They both exhibit true long range order.
Introduction.
Frustration has been introduced in the context of the theory of spin glasses. These are disordered media but indeed frustration may be present in periodic systems. Various models of the latter type have been studied in recent literature and the conclusions that may be drawn are now summarized : i) for continuous degrees of freedom (X Y spins, Heisenberg spins...) the system is usually able to escape frustration and shows long range order (LRO) [1] ;
ii) in the case of discrete degrees of freedom, such as Ising models, the ground state is often highly degenerate without LRO although degeneracy is not directly linked with the absence of LRO [2, 3] .
One point to be clarified is the physical relevance regarding real systems of such frustrated models (type ii) that are disordered at T = 0. Actually, on one hand, the case of discrete variables is purely (*) Laboratoire associ6 au Centre National de la Recherche Scientifique. ideal ; on the other hand, in periodic lattices, frustration is due to a peculiar topology of the network or to a precise distribution of interactions and is usually removed by further interactions or, more surprisingly by temperature [4] .
However such configurations are not unrealistic. One example, which motivated the present work, is provided by columnar discotic phases : disk This article is organized as follows : in section 2 we introduce a partially frustrated model of Ising spins chosen for its simplicity ; it is equivalent to a quantum problem with a transverse field. In sec-tions 3 and 4 the latter model is studied through finite size analysis and the results discussed in section 5. The role of next nearest neighbours interactions is discussed in section 6. In section 7 the problem of the density fluctuations in discotic phases is formulated ; it is shown that it might lead to a highly frustrated system at low temperature. 2 . A partially frustrated Ising modeL The Triangular Ising Antiferromagnet (TIA) is typical of two-dimensional frustrated models [2] . It remains paramagnetic down to T = 0. However, at T = 0, the spin-spin correlation function, averaged over all the ground states decays like a power law [7] . More precisely, considering the direction of an edge of a plaquette, the correlations decay like :
where R is the distance between spins in units of the lattice spacing. The correlation length, which is finite for T # 0, tends to infinity when T -+ 0 : a situation which can be interpreted as a « quasi-
The present model of a partially frustrated 3D system is precisely built by stacking an infinite number of TIA with a positive coupling Jl between neighbouring planes : see figure 1 . The T = 0 situation of this model is rather peculiar : it is ordered in the direction transverse to the planes and quasi-ordered in the parallel directions : [9] . It was shown that the model undergoes a second order phase transition in the ground state when h passes a critical value hc.
In the following sections we would like to complete this previous study by applying another method : finite cell scaling [10] . In certain circumstances it has been shown that the finite cell scaling method could give better results than the real-space renormalization group blocking method [11] . In the present case, the method enables us to specify the nature of the ordered phase below hc and also reveals the apparition of LRO for h infinitesimally small (h = 0+). [8, 14] . In the typical example of the one dimensional Ising model in a transverse field, finite lattice calculations [ 15] show that the gap tends exponentially to zero or to a constant for a transverse field respectively below and above a critical value, whereas it tends to zero asymptotically in l -1 just at the critical field A similar behaviour is also observed in the present case from figure 3. The previous values obtained through a renormalization group method [9] he '" 1.4, v -0.8 are not so different As usual, when comparing both methods it is better to trust the finite-cell scaling results which take into account larger cells [10, 11] . Fig. 5 ). The intensities PBI pA, Po at these points are plotted against l -1 on the right part of the figure. All these intensities tend to zero when I -&#x3E; oo showing that no peak is developed in the thermodynamic limit. This is consistent with the exact result that there is no long range order at T = 0 in the TIA model [7, 12] . 
Discussion.
The finite cell study of the quantum 2D TIA shows that, when applying an infinitesimal transverse field, LRO sets in and remains up to a critical value hc. This LRO is defined by wavevectors such as qB (Fig. 5) . Moreover Stephenson's result is also completed by establishing that the TIA exhibits at T = 0, h = 0, a quasi order (pseudo Bragg peak) of antiferromagnetic type and not only a slowly oscillating decay of the correlations as in (1 [4] . Probably the same phenomenon occurs in the antiferromagnetic Ising f.c.c. lattice [18] . This The expression (1) for the spin correlation function implies that :
is maximum for q = qB, which achieves our proof.
While preparing this manuscript we received a preprint by Blankschtein et al. [19] 2) The weak equivalence is only valid for large J 1. : in this limit it may be supposed that the low temperature phase shrinks and vanishes at T = 0. In the next section, we investigate the stability of these results with respect to the addition of next nearest neighbours interactions.
R61e of next-nearest neighbours.
Consider the Ising model on a triangular lattice with nearest neighbours exchange J1 0 and n.n.n. exchange J2. The ground states are easily found and are depicted in figure 9 for both negative and positive J2. They are sixfold degenerate ferrimagnetic for J2 &#x3E; 0, antiferromagnetic for J2 0. We have performed finite size calculations of p(q) like in section 4 but, here, only for h = 0 and h = 0+. For positive n.n.n. couplings (J2 &#x3E; 0) the results, which are similar for h = 0 and h = 0 + are reported in figure 10 . When I -&#x3E; oo, we recover a strong Bragg peak at qB and a smaller extra Bragg peak at q = 0 (another peak located between 0 and A disappears when I -&#x3E; oo). This result is consistent with the ferrimagnetic structure of figure 9b. For negative n.n.n. couplings (j2 0) the results are slightly different for h = 0 (Fig. l1a) and h = 0 + (Fig.11 b) but it seems that the same situation is recovered when I -&#x3E; oo in both cases : only one strong Bragg peak remains at q = qA, while the other two small peaks at q = 0 and in between q = 0 and q = bB disappear when I -&#x3E; oo (this is not so clear in the case h = 0 + : the peak located between q = 0 and q = qB in only slightly smaller for = 5 compared with 1= 4 and unfortunately the results for I = 6 are not available). A single peak at q = qA is consistent with the antiferromagnetic These results are obtained either for h = 0 or h = 0+, structure of figure 9a. Thus the finite cell calculations for h = 0 confirm the expected structure (Fig. 9a) in presence of n.n.n. couplings. Moreover the results for h = 0+ show that these structures persists in presence of a transverse field and consequently, at finite temperature, in the classical equivalent.
The same kind of LRO structures have been found by Fujiki et al. [20] and Takyama et al. [21] . However, the same authors claim that when temperature increases in the case J2 &#x3E; 0, the above ferromagnetic phase is followed by a quasi-order state of X Y like type. In view of predominant size effects, the existence of such a phase cannot be taken for granted, neither a finite T c when J 2 -&#x3E; o. [6, 23] . It is well known that only phase fluctuations are important and we will consider that a 0 so that I V/ I -1/10 and : Changing 0 -+ P1/2 0 in the integrations above, it is readily seen that thermal fluctuations bring on an extra interaction U({ cri }) which is independent of temperature :
and which yields a statistical distribution spread over the Wannier states instead of removing the degeneracy as in part 6 for n.n. neighbours. Whether some LRO would originate from (6) is not straightforward; on one hand because the complete expression of 'B1 is intricate involving long range and multispin couplings, on the other hand because the summation in (6) runs only over the Wannier states.
For these reasons we limit ourselves to a lowest order expansion in B and to a mean field treatment of (6) restricted to the Wannier subspace. To second order in B we have : with the definitions :
(The average value has been subtracted in the definition of 4 ;) because it yields a constant in 'l1 when considering only Wannier states). Expression (7) contains two-spins and four-spins interactions which are made explicit below : (See Fig. 12 
